We first characterize the automorphism groups of Hodge structures of cubic threefolds and cubic fourfolds. Then we determine for some complex projective manifolds of small dimension (cubic surfaces, cubic threefolds, and non-hyperelliptic curves of genus 3 or 4), the action of their automorphism groups on Hodge structures of associated cyclic covers, and thus confirm conjectures made by Kudla and Rapoport in [KR12].
Introduction
All algebraic varieties considered in this paper are over the complex field. Throughout this paper, the adjectives open and closed refer to the ordinary Euclidean topology, and Zariski-open, Zariski-closed refer to the Zariski topology. By a degree d n-fold, we mean a hypersurface of degree d in P n+1 .
Take X to be a degree d n-fold, and denote Aut(X) to be the group of automorphisms of X induced from linear transformations of the ambient space. According to [MM + 63] (Theorem 2), we have the group Aut(X) equal to the usual automorphism group of X consisting of regular automorphisms when d ≥ 3, n ≥ 2 and (n, d) = (2, 4). The first main result of this paper is: Take H to be a reductive subgroup of G. It acts on G × M , explicitly, h(g, x) = (gh −1 , hx)
for h ∈ H and (g, x) ∈ G × M . We denote G × H M = H\\(G × M ) Definition 2.2. For an action of G on M , a Zariski-open subset U of M is called: (i) (G-)invariant, if U is preserved by every element of G.
(ii) (G-)saturated, if U is invariant and, for every pair (x, y) ∈ U × M , ifḠx ∩Ḡy = ∅, then y ∈ U .
We has the following theorem, see [Lun73] or [MFK94] (Appendix to Chapter 1, D) for a proof.
Theorem 2.3. (Luna étale slice theorem) Let x ∈ M be a smooth point such that the orbit Gx is Zariskiclosed. Then there exists a G x -invariant locally closed affine smooth subvariety V of M (called a slice) containing x, and satisfies: (i) The G-orbit of V is a Zariski-open and saturated subset of M , denoted by U .
(ii) The morphism G × M −→ U descends to an étale morphism ψ : G × Gx V −→ U . (iii) By taking quotient by G, the étale morphism ψ induces ρ : G x \\V −→ G\\U which is also étale. (iv) One has the following commutative diagram
and the morphism G × Gx V −→ U × G\\U G x \\V is an isomorphism.
Universal Deformations of Smooth Hypersurfaces
Now we take n ≥ 2 and d ≥ 3 and denote C n,d to be the space of homogeneous polynomials that determine smooth degree d n-folds, and P C n,d the projectivization of C n,d . In the rest of this section, all degree d n-folds are assumed to be smooth.
The space P C n,d is an affine variety with a natural left action of the reductive group G = PGL(n + 2, C). Explicitly, for F ∈ P C n,d and g ∈ PGL(n + 2, C), we define g(F ) = F • g −1 . Take a point x in P C n,d
and, denote X to be the corresponding degree d n-fold, then G x = Aut(X). In our case, G x is finite, see [MM + 63], theorem 1.
Lemma 2.4. The orbit Gx is closed in P C n,d
.
Proof. By [MFK94] (Proposition 4.2), x is stable under action of G = PGL(n + 2, C), which implies that Gx is Zariski-closed in P C n,d .
Next we consider deformations of degree d n-folds. For a complex submanifold S of P C n,d , one denote X S to be the tautological family of degree d n-folds. The following result is essential in our application.
Theorem 2.5. The degree d n-fold X has a universal deformation. Precisely, there exists a complex submanifold S of P C 
And the choice off is unique and coincide for different choices of S ′ 0 (on their intersection).
(ii) For any automorphism a of X, we have a unique extensionã of a to the family X S −→ S, such that the following diagram commute:
(iii) Suppose there are x 1 , x 2 ∈ S and g ∈ G with g :
Proof. We first use Luna's étale slice theorem to construct S.
Consider the action of G = PGL(n + 2, C) on M = P C n,d , using the étale slice theorem we get a locally closed affine smooth subvariety V of P C n,d satisfying properties in Theorem 2.3. Maintaining the notation in Theorem 2.3 we have ψ : G × Gx V −→ M with image U open and saturated, and ρ : G x \\V −→ G\\U étale. We can take S to be a G x -invariant open neighborhood of x in V , and W = ψ(G × Gx S) such that ρ : G x \\S ∼ = G\\W . Then by the last property in Theorem 2.3 we get G × Gx S ∼ = W . We next show that S satisfies the properties we require.
(
we have a lifting:
where h sends x ′ to (f −1 , x) and such a lifting is unique. For y ′ ∈ S ′ 0 , we denote h(y ′ ) = (g −1 , y). Then according to definitions g −1 y = y ′ , hence gy ′ = y. Thus, h gives risef : X S ′ 0 −→ X S as required. By uniqueness of the lifting, we have the universal property off as required.
(ii) Since S is G x -invariant, we have that a acts on S, hence gives rise to an automorphismã of the family X S −→ S. We know thatã from the universal property of X S −→ S. and (g, x 1 ) is also such a point. Since G × S −→ W is of degree #G x , one must have
Moduli of Hypersurfaces with Markings
In this section, all hypersurfaces are assumed to be smooth. We are going to construct the moduli space of marked degree d n-folds as a complex manifold. We still assume that n ≥ 2 and d ≥ 3.
For a point x ∈ P C n,d denote X = X x to be the corresponding degree d n-fold. It is known that H n (X, Z) is free. We have the natural bilinear form b x : H n (X, Z) × H n (X, Z) −→ Z given by the cup product. For n even, we have η x ∈ H n (X, Z) the n 2 -th power of the hyperplane class. Denote (Λ n,d , b) to be an abstract lattice isomorphic to (H n (X, Z), b x ) and η the class in Λ n,d corresponding to η x for n even.
We define a marking of X is an isomorphism
which sends η x to η when n even. Two pairs (x 1 , φ 1 ) and (x 2 , φ 2 ) are equivalent if there exist g ∈ G such that g(x 1 ) = x 2 and φ 2 = φ 1 • g * .
We define N n,d , the moduli space of marked smooth degree d n-folds, firstly as set, consisting of equivalence classes of (x, φ). We want to endow N n,d with structure of a complex manifold. The first thing is to identify the topology on N n,d .
Let given (x, φ) ∈ N n,d . Maintaining the notations in Theorem 2.3, we take S to be a slice containing x, and G x = Aut(X) the automorphism group of X = X x .
Lemma 3.1. The group G x act faithfully on H n (X, Z). In other words, the group homomorphism
is an embedding.
Proof. See [JL17] , Proposition 2.11 combining with [Poo05] .
Without loss of generality, we assume S contractible. We denote π : X S −→ S the family of degree d n-folds. Then the local system R n π * (Z) is trivializable, hence φ extends to be marking of every fiber of the local system, gives a map q : S −→ N n,d .
Proposition 3.2. The map q is injective.
Proof. Suppose there are two different points x 1 , x 2 ∈ S with q(x 1 ) = q(x 2 ). We denote φ 1 , φ 2 the induced markings on X x1 , X x2 from φ. Then there exists a linear transformation g :
We have g ∈ G x by Theorem 2.3. By Lemma 3.1, g * acts nontrivially on H n (X, Z), which implies that φ and φ • g * are two different markings of X, hence φ 2 and φ 1 • g * are two different markings of X x2 , a contradiction! We showed the injectivity of q.
Taking those slices as charts, we get a local Euclidean structure on N n,d . To make N n,d a complex manifold, we still need to show it has the Hausdorff property. is Hausdorff.
Proof. Suppose two pairs (x 1 , φ 1 ), (x 2 , φ 2 ), as points in N n,d , are non-separated. By [MFK94] , the moduli space of degree d n-folds, as a GIT-quotient of P C n,d by PGL(n + 2, C), is separated. This implies that X x and X y are linearly isomorphic. We may then just assume that x 1 = x 2 .
Taking a slice S containing x 1 as in Theorem 2.3. Since (x 1 , φ 1 ), (x 1 , φ 2 ) ∈ N n,d are non-separated, there exsits two points x 3 , x 3 ∈ S, such that q(x 3 , φ 3 ) = q(x 4 , φ 4 ) are equivalent (here we write φ 3 for the marking on X x3 induced by φ 1 , and φ 4 the marking on X x4 induced by φ 2 ). Then there exists g : X x3 ∼ = X x4 with φ 4 = φ 3 • g * . By Theorem 2.3, g ∈ G x and we have φ 2 = φ 1 • g * as markings on X x1 . Therefore, (x 1 , φ 1 ) and (x 1 , φ 2 ) represent a same point in N n,d . This implies that N n,d is Hausdorff. , with local charts given as above, is a complex manifold.
The space N n,d may be disconnected. For a complete understanding, we recall some works by Beauville on monodromy group of universal family of degree d n-folds. Take a point x ∈ C n,d and denote X = X x the corresponding smooth degree d n-fold, there is a group representation
of the fundamental group of C n,d . The image of ρ is called the monodromy group of universal family of smooth degree d n-folds, denoted by Γ n,d . From [Bea86] , we have:
is of index two. More precisely, there exists a homomorphism
with ǫ = (−1) n 2 , and
For n odd and d odd, there exist a quadratic form 
Automorphism group of Cubic Fourfold
In this section, we apply Theorem 2.3 to consider the relation between the automorphism group of a smooth cubic fourfold X and that of the Hodge structure of X, and to prove Theorem 1.1.
We first review some basic facts on Hodge theory of cubic fourfolds, and state the local and global Torelli theorem for cubic fourfolds.
Take x ∈ P C 4,3 and X the corresponding cubic fourfold, then H 4 (X, Z) is a free abelian group of rank 23, and the natural intersection pairing
is unimodular and of signature (21,2). Recall from Section 3 we have η x ∈ H 4 (X, Z), and abstractly the
We introduce the period domain of Hodge structures associated to cubic fourfolds. Let L be a sublattice of Λ 4,3 consisting of elements perpendicular to η, then (L, b) is a lattice of discriminant 3 and signature (20, 2). Let D be the projectivization of the set of points x ∈ L C with b(x, x) = 0 and b(x,x) < 0. It has two connected components, and called the period domain of cubic fourfolds. The map P :
is the period map of cubic fourfolds.
Theorem 4.1 (Local Torelli Theorem for Cubic Fourfolds). The period map P for cubic fourfolds is locally biholomorphic.
Proof. By standard calculation, the dimensions of N 4,3 and D 0 are both equal to 20. By Flenner's infinitesimal Torelli theorem (see [Fle86] , Theorem 3.1 ), the differential of P has full rank everywhere in N 4,3 . We conclude that P is locally biholomorphic.
The following theorem is originally proved by Voisin ([Voi86] , [Voi08] ). such that there exist markings φ 1 , φ 2 of X x1 , X x2 respectively, with P(x 1 , φ 1 ) = P(x 2 , φ 2 ), then X x1 , X x2 are linearly isomorphic.
Proof of Theorem 1.1. Let x ∈ P C 4,3 which determines a cubic fourfold X, and σ an automorphism of H 4 (X, Z) which preserves b x , η x and the Hodge structure.
Take a slice S containing x as in Theorem 2.3. Take φ 1 , φ 2 to be two markings of X, such that φ −1 2 φ 1 = σ. For any y ∈ S, there are induced markings (from φ 1 ,φ 2 ) on X y , still denoted by φ 1 , φ 2 . Define two holomorphic maps f 1 , f 2 from S to D 0 by
By Theorem 4.1, we may assume f 1 , f 2 to be open embedding (shrink S if necessary). Since σ preserves Hodge structures, we have f 1 (x) = f 2 (x). Then there exists two points x 1 , x 2 in S, such that f 1 (x 1 ) = f 2 (x 2 ) and this value in D 0 is generic. Using Theorem 4.2, X x1 and X x2 are linearly isomorphic, and, by Theorem 2.3, we can choose an isomorphism g : X x1 ∼ = X x2 which lies in Aut(X). Since f 1 (x 1 ) = f 2 (x 2 ) is generic, it (as Hodge structures on (L, b)) admits no nontrivial automorphisms, hence φ 2 = φ 1 • g * as markings of X x2 . Then we have also φ 2 = φ 1 • g * as markings of X, which implies that σ is induced by the linear isomorphism g −1 .
Corrolary 4.3. The period map P :
Proof. Take (x 1 , φ 1 ), (x 2 , φ 2 ) ∈ N 4,3 , with same image in D under P. Then by Theorem 4.2, there exists g ∈ PGL(6, C) with g :
1 φ 2 an automorphism of H 4 (X x2 , Z) preserving b x2 , η x2 and Hodge structure, hence it is induced by an automorphism of X x2 . This implies that φ −1 2 φ 1 is induced by an linear isomorphism between X x1 and X x2 , hence (x 1 , φ 1 ) = (x 2 , φ 2 ) in N 4,3 . We showed injectivity of P, hence the corollary.
Automorphism group of Cubic Threefold
In this section we deal with case of cubic threefolds, and prove Theorem 1.2. We first introduce the intermediate Jacobian of cubic threefolds. Take X a smooth cubic threefold, then H 3 (X, Z) is a free Abelian group of rank 10, with a symplectic unimodular bilinear form b x . The intermediate Jacobian of X is defined to be
, which is a priori a complex torus, and with the hermitian form induced from the integral symplectic form b x , is a principal polarized Abelian variety.
We have the following theorem, see [CG72] (Theorem 13.11), or [Bea82] .
Theorem 5.1 (Global Torelli for Cubic Threefolds). Cubic threefolds are determined by their intermediate Jacobians (together with the polarization). Precisely, if two cubic threefolds X, Y have isomorphic intermediate Jacobians (as principal polarized Abelian varieties), then they are isomorphic.
We recall Griffiths' theory of integral of rational differentials on hypersurfaces, see [Gri69] . Take F ∈ C n,d a degree d polynomial of n + 2 variables Z 0 , . . . , Z n+1 , and denote Z(F ) the zero locus of
. Take an integer a > 0 such that ad ≥ n + 2, and take a degree ad − n − 2 polynomial L. We has a homogeneous rational differential LΩ/F a on C n+2 , with its residue along Z(F ) giving rise an n-form on Z(F ).
By [Gri69] , we have:
In the rest of the section we take (n, d) = (3, 3), and denote X = Z(F ) a smooth cubic threefold.
Lemma 5.3. The automorphism −id of J(X) is not induced by any automorphism of X.
Proof. Suppose there is a linear isomorphism g : X −→ X with g * = −id on J(X). Then g * 2 = id on H 3 (X, Z). By Lemma 3.1, we have g 2 = id.
We can take a linear transformationg :
= Z i or −Z i for every i =0, 1, 2, 3 or 4. Theng(Ω) = Ω or −Ω. Since g preserve X, the action ofg on F is by a fixed scalar.
Since g * = −id on H 3 (X, Z), hence also on the elements in H 3 (X, C) represented by Res X (Z i Ω/F 2 ). Therefore, the action ofg on Z i is by a fixed scalar independent of i. This implies that g = id on X ⊂ CP 4 .
Lemma 5.4. Denote P to be the ambient space of X. There is an identification of P with P H 1,2 (X), such that for any automorphism g of X, with g * the induced automorphism on P H 1,2 (X), the following diagram commutes:
Proof. For a linear form L (of variables Z 0 , . . . , Z 4 ), the rational differential LΩ 3 /F 2 has residue in H 2,1 (X). By Theorem 5.2, every element in H 2,1 (X) comes in this way. Since dim P = dim P H 2,1 (X) = 5, we produce an isomorphism κ : P * ∼ = P H 2,1 (X). Here P * is the dual space of P , consisting of linear forms up to scalar. Take g : P −→ P a linear transformation preserving X. For an arbitrary linear form L, we have
where λ(g) is a complex number independent of L. This implies commutativity of the following diagram:
The projective spaces P H 2,1 (X) and P H 1,2 (X) are natural dual to each other. Thus we have an isomorphism κ * −1 : P ∼ = P H 1,2 (X). And commutativity of Diagram 2 implies commutativity of Diagram 1.
The intermediate Jacobian J(X) has its theta divisor Θ admitting a unique singular point of degree 3; moreover, after a translation, we may ask Θ has 0 as its singularity, and the projectivized tangent cone P T 0 Θ ⊂ P T 0 J(X) = P H 1,2 (X) is identified with X via κ * : P H 1,2 (X) ∼ = P , see [Bea82] , main theorem.
Take σ ∈ Aut(J(X)), it induces an linear automorphism σ * of P T 0 (J(X)) = P H 1,2 (X). Since σ preserves Θ, and must fix the only singular point 0, we see that the induced automorphism σ * preserves X ⊂ P . We produce a group homomorphism
, hence an automorphism of J(X). In this way we get a group homomorphism β : Aut(X) −→ Aut(J(X)) and by Lemma 5.4 we have αβ = id. Thus, Aut(J(X)) ∼ = Aut(X) ⊕ Ker(α) and, to prove Theorem 1.2, it suffices to show Ker(α) = µ 2 . Suppose σ ∈ Aut(J(X)) (which is not equal to id) with α(σ) = id, then the action of σ on H 1,2 (X) and H 2,1 (X) are scalars, assume them to be ζ andζ respectively. Then σ, as action on H 3 (X, Q), has only eigenvalues ζ andζ. This fact implies that ζ = −1 or third root of unit. If the intermediate Jacobian J(X) does not have an automorphism acting on H 1,2 (X) as scalar by ω = (−1 + √ −3)/2, then Ker(α) = µ 2 and Theorem 1.2 holds.
Denote D to be the period domain associated to cubic threefolds. In an other words, D is the moduli space of Hodge structures on Λ 3,3 polarized by b. We have the period map P : N 3,3 −→ D, see Section 3 for notations and definitions.
Proof of Theorem 1.2. Let x ∈ P C 3,3 be the corresponding point of the cubic threefold X, assume σ an automorphism of H 3 (X, Z) which preserves b x and acts as scalar by ω on H 1,2 (X), we are going to derive contradiction (then Theorem 1.2 holds).
Take a slice S containing x as in Theorem 2.3. Take φ 1 , φ 2 to be two markings of X such that φ −1 2 φ 1 = σ. For any y ∈ S, there are induced markings (from φ 1 ,φ 2 ) on X y , still denoted by φ 1 , φ 2 . Define two holomorphic maps f 1 , f 2 from S to D by f i (y) = P(y, φ i ) for i = 1, 2.
Since σ preserves Hodge structures, we have f 1 (x) = f 2 (x). By Flenner's infinitesimal Torelli theorem, we may assume f 1 , f 2 to be injective on S. We consider f 1 (S) ∩ f 2 (S), the intersection of the images of S under f 1 , f 2 . Since dim(f 1 (S)) = dim(f 2 (S)) = 10 and dim(D) = 15, one has
Consider Hodge structures on Λ 3,3 that comes from eigen-decomposition of an action of order 3, they form a discrete subset T of D. Then there exists two points x 1 , x 2 in S, such that f 1 (x 1 ) = f 2 (x 2 ) and this value is not in T . Then Theorem 1.2 holds for X x1 and X x2 . By Theorem 5.1, there exists a linear isomorphism g : X x1 ∼ = X x2 . The composition g * −1 φ −1 2 φ 1 is an automorphism of H 4 (X x1 ) preserving b x2 and the Hodge structure, hence lies in Aut(J(X x1 )) ∼ = Aut(X) ⊕ µ 2 . With out loss of generality, we choose g such that g * −1 φ −1 2 φ 1 ∈ µ 2 . By Theorem 2.3 we have g ∈ G x , where G = PGL(5, C). Thus g * −1 φ −1 2 φ 1 = g * −1 σ ∈ µ 2 , which implies g * = ±σ. But on the other hand, we have β(g * ) = g and by the assumption on σ, β(σ) = id, which is impossible since g = id.
Occult Period Maps: Cubics
In the remaining of the paper we will consider occult period maps for four cases successively, and finally confirm some conjectures made by Kudla and Rapoport in [KR12] .
Case of Cubic Surfaces
In this subsection we deal with cubic surfaces. For details of the construction see [ACT02] We take S to be a cubic surface, and X the associated cubic threefold (given as triple cover of the projective space P 3 , ramifying along S). Then there is a natural action of the cyclic group of order 3 on X (Deck transformations of the ramified covering) and hence also on H 3 (X, Z) and the intermedian Jacobian J(X) of X, with the action of a generator denoted by σ.
Therefore, we have the group µ 6 = {±id, ±σ, ±σ 2 } acting on J(X). We then denote A 0 to be the subgroup of A = Aut(J(X)) consisting of elements commuting with σ. Notice that µ 6 lies in the center of A 0 .
We can construct a group homomorphism from Aut(S) to A 0 /µ 6 as follows. Take a : S −→ S to be an automorphism of S, we can lift it to be an automorphismã of X, unique up to Deck transformations. The automorphismã of X induces an automorphism of J(X) which commutes with σ, hence also induces an element in A 0 /µ 6 which does not depend on the choices of the lifting of a.
The map associating J(X) (with action of µ 6 ) to the cubic surface S is called the occult period map for cubic surfaces, which is an open immersion of the coarse moduli space PGL(4, C)\\P C 2,3 of smooth cubic surfaces into an arithmetic ball quotient Γ\B 4 of dimension 4, where Γ = Aut(Λ 3,3 , σ)/µ 6 . In [KR12] (remark 5.2) a conjecture about the stack-aspect of occult period map of cubic surfaces is made, which is already claimed in [ACT02] (theorem 2.20). We prove it in a more straightforward way.
Proposition 6.1. The group homomorphism Aut(S) −→ A 0 /µ 6 is an isomorphism.
Proof. We first show the surjectivity. Let ζ ∈ A 0 be an automorphism of J(X) commuting with µ 6 . By Theorem 1.2, one of elements in {ζ, −ζ} is induced by an automorphism of the cubic threefold X. With the ambiguity of µ 6 in mind, we may just assume that ζ is induced by an automorphismã of X.
Since ζ =ã * commutes with σ, by Lemma 3.1 we have thatã commutes with the Deck transformations of X −→ CP 3 . Therefore,ã is induced by an automorphism a of S. We showed the surjectivity.
Next we show the injectivity. Let a be an automorphism of S, inducing trivial element in the group A/µ 6 , equivalently, there is a liftingã of a such thatã * ∈ µ 6 . We can composeã with Deck transformations, by which we can assumeã * ∈ {±id}. By Lemma 5.3, we must haveã * = id and by Lemma 3.1,ã = id, hence a = id. We showed the injectivity. Proof. By [ACT02] , P 2,3 is an isomorphism onto its image, by Proposition 6.1, it is indeed an isomorphism of orbifolds onto its image.
Case of Cubic Threefolds
In this subsection we deal with cubic threefolds. For details of the construction see [ACT11] We take T to be a cubic threefold, and X the associated cubic fourfold (given as triple cover of the projective space P 4 , ramifying along T ). As in the case of cubic surfaces, one has an action σ of order 3 on the middle cohomology H 4 (X, Z) of X, which preserves the intersection pairing and square of the hyperplane class of X, and acts freely on the primitive part H 4 0 (X, Z). Therefore, we have the group µ 6 = {±id, ±σ, ±σ 2 } acting on the lattice H 4 0 (X, Z) (with intersection pairing of discriminant 3). We then denote A to be the subgroup of Aut(H 4 0 (X, Z)) consisting of elements preserving Hodge structures, and A 0 the subgroup of A consisting of elements commuting with σ.
We can construct a group homomorphism from Aut(T ) to A 0 /µ 6 as follows. Take a : T −→ T to be an automorphism of T , we can lift it to beã : X −→ X, an automorphism of X, unique up to Deck transformations. The automorphismã of X induces an automorphism of H 4 0 (X, Z) which commutes with σ, hence also induces an element in A 0 /µ 6 which does not depend on the choices of the lifting of a.
The map associating Hodge structure on the lattice H 4 0 (X, Z) (with action of µ 6 ) to the cubic threefold T is the occult period map for cubic threefolds, which is an open immersion of the coarse moduli space PGL(5, C)\\P C 3,3 of smooth cubic threefolds into an arithmetic ball quotient Γ\B 10 , where Γ = Aut(Λ 4,3 , η, σ)/µ 3 . We confirm the conjecture in [KR12] (remark 6.2) by the following proposition.
Proposition 6.3. The group homomorphism Aut(T ) −→ A 0 /µ 6 is an isomorphism.
Proof. We first show the surjectivity. Let ζ ∈ A 0 be an automorphism of H 4 0 (X, Z) preserving Hodge structure and commuting with σ. By lattice theory, one of elements in {ζ, −ζ} is induced by an automorphism of the whole cohomology H 4 (X, Z) which preserves square of the hyperplane section, hence by Theorem 1.1 also induced by an automorphism of the cubic fourfold X. With the ambiguity of µ 6 in mind, we may just assume that ζ is induced by an automorphismã of X.
Since ζ =ã * commutes with σ, by Lemma 3.1 we have thatã commutes with the Deck transformations of X −→ CP 4 . Therefore,ã is induced by an automorphism a of S. We showed the surjectivity.
Next we show the injectivity. Let a be an automorphism of S, inducing trivial element in the group A/µ 6 . Equivalently, there is a liftingã of a such thatã * ∈ µ 6 . We can composeã with Deck transformations, by which we can assume thatã * H 4 0 (X,Z)
∈ {±id}. Sinceã * preserves square of the hyperplane class, one must haveã * = id and by Lemma 3.1,ã = id, hence a = id. We showed the injectivity. Proof. By [ACT11] (Theorem 1.9), P 3,3 is an isomorphism onto its image. By Proposition 6.3, it is indeed an isomorphism of orbifolds onto its image.
Occult Period Maps: Kondo's examples
In this section we consider Kudla and Rapoport's questions for non-hyperelliptic curves of genus 3 and 4. First we collect some results on K3 surfaces and lattice theory that will be used.
We are going to use the global Torelli theorem for K3 surfaces. The original literature is [BR75] , one can also see [Huy16] , [LP81] .
Theorem 7.1 (Global Torelli Theorem for K3 Surfaces). Suppose two K3 surfaces S 1 and S 2 satisfy: (i) There exist isomorphism ϕ :
preserving the corresponding Hodge structures. (ii) ϕ sends the Kählar cone of S 1 to that of S 2 . Then there exist an isomorphism between the two K3 surfaces, inducing ϕ.
Analogue to Lemma 3.1, one have the following lemma for K3 surfaces, see [LP81] , proposition 7.5. Lemma 7.2. For any K3 surface S, the action of Aut(S) on H 2 (S, Z) is faithful.
We need to recall some basic notions in lattice theory. One can refer to [Nik80] . A lattice is a free abelian group M of finite rank, together with an integral bilinear form The discriminant locus of M is defined to be A M = Hom(M, Z)/M together with a quadratic form:
Suppose M is even, i.e., b M (x, x) ∈ 2Z for any x ∈ M , then we can take value of the discriminant locus q M in Q/(2Z).
Suppose more that M is 2-elementary, i.e., A M is isomorphic to (Z/2Z) l for certain integer l, then the image of q M lies in ( 
Case of Curves of genus 3
In this subsection we deal with curves of genus 3. For details of the construction see [Kon00a] . Take C to be a smooth non-hyperelliptic curve of genus 3, which is embedded as a quartic curve in P 2 by the canonical linear system, and X the associated quartic surface (given as degree 4 cover of the projective space CP 2 , ramifying along C). Then there is a natural action of the cyclic group of order 4 on S (Deck transformations of the ramified covering) and hence also on H 2 (S, Z). Denote σ to be a generator of the order 4 group acting on H 2 (S, Z).
Define M = {x ∈ H 2 (S, Z) σ(x) = x} and N = {x ∈ H 2 (S, Z) σ(x) = −x}. They are primitive sublattices of H 2 (S, Z), perpendicular to each other, and both with discriminant locus isomorphic to (Z/2Z) 8 . The Hodge decomposition of S restricted to N has type (1,14,1).
We have the group µ 4 = {±id, ±σ} acting on the lattice M . We then denote A to be the subgroup of Aut(N ) consisting of elements preserving Hodge structure, and A 0 to be subgroup of A consisting of elements commuting with σ.
We can construct a group homomorphism from Aut(C) to A 0 /µ 4 as follows. Take a : C −→ C to be a automorphism of C coming from a linear transformation of the ambient space P 2 , we can lift it to be an automorphismã of S, unique up to Deck transformations. The automorphismã of S induces an automorphism of N which commutes with σ, hence also induces an element in A 0 /µ 4 which does not depend on the choices of the lifting of a.
The map associating Hodge structure on N (with action of µ 4 ) to C is the occult period map for smooth non-hyperelliptic curves of genus 3, which is an open immersion of the coarse moduli space M 3 of smooth non-hyperelliptic curves of genus 3 into an arithmetic ball quotient Γ\B 6 , where Γ is an arithmetic group acting on B 6 . We confirm the conjecture in [KR12] (remark 7.2) by the following proposition.
Proposition 7.4. The group homomorphism Aut(C) −→ A 0 /µ 4 is an isomorphism.
We will need the following lemmas:
Lemma 7.5. For an E 7 -lattice P , one have a quadratic form q : (
Then we have an exact sequence:
Proof. See [Bou02] (Exercise 3 of section 4, Chapter 6).
Lemma 7.6. An automorphism of the lattice N is induced by an automorphism of H 2 (S, Z) preserving the hyperplane class η ∈ H 2 (S, Z).
This lemma is proved and used in [Kon00a] . For completedness, we rewrite a proof.
proof of Lemma 7.6. Denote ζ to be an automorphism of N , it induces an automorphism of
Let D be the double cover of P 2 ramifying along the quartic curve C, then D is a Del Pezzo surface of degree 2 and S is a double cover of D ramifying along C. The middle cohomology H 2 (D, Z) of D is a unimodular lattice, and M ∼ = H 2 (D, Z)(2). We have a sublattice (η 0 ) ⊕ P in H 2 (D, Z) of index 2, where η 0 is the hyperplane class of D and P is an E 7 -lattice.
The finite group (
We are going to show that the induced map of ζ on A M preserves (
where the last step is because P is an E 7 -lattice, which is an even lattice. Since H 2 (S, Z) is an odd lattice, there exist element y ∈ H 2 (S, Z) with self-intersection an odd number, hence q M ([
. Therefore, as a subset of A M , ( 1 2 P )/P = {α ∈ A M q M (α) ∈ Z/(2Z)}, which implies that ζ preserves ( 1 2 P )/P . By Lemma 7.5, there are two automorphisms ρ, −ρ of P , both inducing the action ζ on ( 1 2 P )/P . We can extend the action id ⊕ ρ on (η 0 ) ⊕ P uniquely to an automorphism ρ 1 of H 2 (D, Z), and similarly extend id ⊕ ρ to ρ 2 . By easy calculation, exactly one of {ρ 1 , ρ 2 } matches with ζ on N . By Lemma 7.3, there is an automorphism of H 2 (S, Z) inducing ζ on N .
Lemma 7.7. Suppose there are two automorphism ζ 1 , ζ 2 of the K3 lattice H 2 (S, Z) such that
and both the two automorphisms preserve the hyperplane class, then they coincide.
Proof. It suffices to show that, any automorphism ζ of H 2 (S, Z) which acts identically on (η) ⊕ N must be the identity.
Define sublattice P of H 2 (D, Z) as in the proof of Lemma 7.6. Since ζ acts identically on N , it also acts identically on A N ∼ = A M , hence also identically on ( 1 2 P )/P , by Lemma 7.5 we have ζ equals to id or −id on P , with the latter possibility excluded by the fact that ζ is an automorphism of the whole lattice H 2 (S, Z) preserving η. Thus ζ = id and we proved the lemma.
Proof of Proposition 7.4. We first show the surjectivity. Let ζ ∈ A be an automorphism of N preserving Hodge structures and commuting with σ. By Lemma 7.6, ζ is induced by an automorphism of the whole lattice H 2 (S, Z) which preserves the hyperplane class, this automorphism apparently preserves the Hodge structure on H 2 (S, Z), hence comes from an automorphism of the quartic surface S.
Since ζ =ã * N commutes with σ, i.e., we have σã * =ã * σ on the lattice N and both preserve the hyperplane class. By Lemma 7.7, the above equality holds on the whole lattice H 2 (S, Z). By Lemma 7.2 we have thatã commutes with the Deck transformations of S −→ P 2 . Therefore,ã is induced by an automorphism a of C. We showed the surjectivity.
Next we show the injectivity. Let a be an automorphism of C, inducing trivial element in the group A/µ 4 , equivalently, there is a liftingã of a such thatã * ∈ µ 4 . We can composeã with Deck transformations, by which we can assumeã * N = id. Sinceã * acts as identity on hyperplane class of S, by Lemma 7.7ã * = id and by Lemma 7.2,ã = id, hence a = id. We showed the injectivity. 
Case of Curves of genus 4
In this subsection we deal with curves of genus 4. For details of the construction see [Kon00b] . We take C to be a smooth non-hyperelliptic curve of genus 4, which is embedded as a complete intersection of a quadric surface Q (smooth or with one node) with a smooth cubic surface in CP 3 by the canonical linear system, and S the associated K3 surface (given as degree 3 cover of the quadric surface Q, ramifying along C. In case Q is singular, take its minimal resolution instead). Then there is a natural action of the cyclic group of order 3 on S (Deck transformations of the ramified covering) and hence also on H 2 (S, Z), with the action of a generator denoted by σ.
Suppose the quadric surface containing C is smooth, then it is isomorphic to P 1 × P 1 ; if the quadric surface is singular, then we can blow-up at the singular point and get Q a rational surface which is the projective bundle of the degree rank 2 vector bundle on P 1 . In both the two cases we have U = H 2 (Q, Z) a hyperbolic lattice with generators x 1 , x 2 with b U (x 1 , x 2 ) = 1 and η 0 = x 1 + x 2 the hyperplane class of Q.
Denote M = {x ∈ H 2 (S, Z) σ(x) = x} and N = M ⊥ , then M contains the hyperplane class and M, N are primitive sublattices of H 2 (S, Z) perpendicular to each other. Explicitly, M ∼ = H 2 (Q, Z)(3) is of rank 2 and, N is of rank 20, discriminant locus A N ∼ = A M ∼ = (Z/3Z) 2 and Hodge structure of Hodge numbers (1,18,1).
We have the group µ 6 = {±id, ±σ, ±σ 2 } acting on the lattice N . We then denote A to be the subgroup of Aut(N ) consisting of elements preserving Hodge structure, and A 0 to be subgroup of A consisting of elements commuting with σ.
We can construct a group homomorphism from Aut(C) to A 0 /µ 6 as follows. Take a : C −→ C to be a automorphism of C coming from a linear transformation of the ambient space P 3 . This linear transformation preserves Q and we can lift it to beã : S −→ S, an automorphism of S, unique up to Deck transformations. The automorphismã of S induces an automorphism of N which commutes with σ, hence also induces an element in A 0 /µ 6 which does not depend on the choices of the lifting of a.
Since ζ =ã * N commutes with σ, i.e., we have σã * =ã * σ on the lattice N and by Lemma 7.12 we have thatã commutes with the Deck transformations of S −→ Q. Therefore,ã is induced by an automorphism a of C. We showed the surjectivity.
Next we show the injectivity. Let a be an automorphism of C, inducing trivial element in the group A/µ 6 , equivalently, there is a liftingã of a such thatã * N ∈ µ 6 . We can composeã with Deck transformations, by which we can assumeã * N ∈ {±id}. Sinceã * acts as identity on hyperplane class of S, we must havẽ a * N = id and by Lemma 7.12,ã * = id, hence by Lemma 7.2,ã = id, which implies that a = id. We showed the injectivity. Proof. By [Kon00b] , P 1,2,3 is an open immersion of analytic spaces, combining with Proposition 7.9 we have P 1,4 in fact an embedding of orbifolds.
